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Abstract
In a series of recent papers [26], [27], [28] we have shown that:
(I) any n-dimensional analytic semi-Riemannian manifold M has a
global isometric analytic embedding into an Einstein manifold E of dimen-
sion n+ d, d ≧ 1 (Λ ∈ R).
(II) There exists an Einstein global embedding space EΣ, admitting un-
smoothable differential-topological singularities (0 − D points or extended
(d−k)−D spatial ”anomalies”) living into the complement EΣrM. They
were expounded as wormholes.
(III) Any finite-many analytic semi-Riemannian manifolds M
(n1)
1 , ...,
M
(nm)
m have all a global isometric analytic embedding into an (
∑
nk
1≤k≤m
+ d)-
Einstein Bulk E as disjoint submanifolds, while pim(E) splits. The optimum
dimensionality corresponds to d = 1.
In this paper we continue extending further these results on Cosmological
Brane embeddings:
There exists an Einstein global embedding space EΣ, admitting un-
smoothable differential-topological singularities (0 − D points or extended
(d− k)−D spatial ”anomalies”) living into the complement EΣ r
m∏
k=1
Mk.
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Introduction
The concept of the spacetime manifold as a model of the large scale structure of
the Universe is a result of evolution in both physical & mathematical attitudes.
Once we used to think of Euclidean flat 3-space as the case of interest in mathe-
matics, constituting in the same time the model of the Newtonian space-time.
In the first half of the 20th century, Einstein’s General Relativity (G.T.R.) em-
ployed the differential-geometric model of 4-manifold equipped with a Lorentzian
metric structure, the solution of the field equations which (the latter) correlate
the Curvature of spacetime with the distribution of matter, the energy and the
momentum ([5], [7], [12], [14]). That was the beginning of interconnections be-
tween geometry & physics.
The possibility that there may exist more than 3 + 1 space-time dimensions
was taken into account not long after the final formulation of G.T.R.. Kaluza
and Klein (K.-K.) unified 4D vacuum Relativity and classical electromagnetism
([15]) on a 5-manifold that satisfies the vacuum field equations (curved by the
contribution of the photons). The extra dimension was considered topologically
compact (homeomorphic to S1), infinitesimal (thus invisible) and the 4-spacetime
was assumed not to depend on the 5th dimension. In fact, the Universe was
considered as a hyper-cylinder, locally homeomorphic to R4 × S1.
In a modern approach called Space-Time-Matter or Induced Matter Theory
(S.T.M.) ([17], [18], [15] and references therein) these assumptions are removed
and the result is the unification of G.T.R. & electromagnetism together with their
sources (mass & charge), expounded (the latter) as an artifact induced on the
4-manifold, generated by the (non-linear) geometry of invisible extra spatial di-
mensions.
One of the most recent Cosmological scenarios concerning the geometric struc-
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ture of the (classical) Universe introduced by L. Randall and R. Sundrum ([38],
[39]) claims that the Universe of our perception is a (mem-)Brane of 3 + 1 di-
mensions (submanifold) embedded in a multi-dimensional (MD) Bulk of at least 5
dimensions. The main ansatz for this (possibly moving in the Bulk) Brane is that
matter is confined on the Brane and only gravity and electromagnetic fields can
propagate on the bulk. Soon, 2-Brane (& multi-Brane, colliding or not) systems
embedded into the same Bulk came into light, with possible MD singularities.
Our visible Universe was thought of as 1 of those interacting Branes.
Mathematically, these theories are modeled on a local embedding theorem
of Riemannian Geometry, due to Campbell who was the first who stated it [2],
and Magaard ([8], [31]) who presented a strict proof (see [35], [40], [44]): any
analytic n-manifold can be locally and isometrically embedded into some other
Ricci-flat of n+1 dimensions (RAB = 0). In a sense, this is equivalent to the
local embedding of Einstein 4D Relativity, into some 5D Relativity in the vacuum
where no matter exists (”wood”, according to Einstein), but only geometrical
properties (”marble”).
It becomes clear that in the light of these theories that are entirely based
on differential-geometric (though local only) embeddings, new global results are
needed, in order to provide a true supporting mathematical framework for Brane-
Worlds, not depending on local coordinates. The necessity for embedding owes
to the fact that the starting point of an MD gravitational-cosmological theory is
the 4-dimensional G.T.R. that has to be incorporated in the new MD context.
In recent work ([26], [27], [28]) the author has proved that the Campbell-
Magaard (C.-M.) Theorem (extended by Dahia & Romero in [17] on Einstein
from Ricci-flat spaces) holds true globally:
Any n-dimensional analytic semi-Riemannian manifold M has a global iso-
metric analytic embedding into an Einstein manifold E of dimension n+d, d ≧ 1
(Λ ∈ R).
This E may admit (if desired) countable unsmoothable differential-topological
singularities, which may be distinct points into spacetime or extended spatial
anomalies ([27]). These pathologies living into the complement E rM were
expounded as wormholes connecting distant points of spacetime.
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In addition, Any analytic semi-Riemannian manifoldsM
(n1)
1 , ...,M
(nm)
m have
all a global isometric analytic embedding into an (
∑
nk
1≤k≤m
+ d)-Einstein Bulk E as
disjoint submanifolds, while both pim(E) & Hm(E ;G) split. The optimum dimen-
sionality of E corresponds to embedding codimension d = 1.
In this paper we combine certain ideas from the prequels, showing that the
Einstein embedding manifold E of the Branes may admit 1 in codimension d = 1
& countable-many in d > 1 unsmoothable differential-topological singularities,
which may be distinct points into spacetime or extended spatial anomalies.
The procedure in the proofs is a slight modification of the one we followed in
[26] & [27]. We form a bulk that contains all the Mk’s as disjoint submanifolds
and using the known local embedding results and certain differential-geometric
& topological arguments we obtain the requested global extension.
In Section 1 we state the results proved in the prequels. Section 2 contains
the proof of the basic result stated above. In Section 3 we study the topology of
such embedding Einstein spaces, giving a Homological description of the Einstein
manifolds E we construct, illustrating the aforementioned splitting.
The analogous physical interpretation of the constructed pathological anoma-
lies as wormholes connecting distant points of Bulk spacetime living in the extra
dimensions holds in this case of multi-Brane systems too. We refer to [27].
Notations: In the sequel, the terms Spacetime, Brane, Bulk will be used in
the place of paracompact, Hausdorff, connected manifolds (finite dimensional),
equipped with a semi-Riemannian metric structure and the corresponding Levi-
Civita linear connection.
1. The Previous Results.
In [26] we proved that:
Theorem 1.1. (Global Isometric Embedding into Einstein manifolds
in codimension 1)
Any n-dimensional real analytic semi-Riemannian manifold (M;∇M, gM)
has a global isometric embedding into an (n + 1)-dimensional Einstein manifold
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(E ;∇E , gE) satisfying:
Ric∇
E
(gE) =
2Λ
n− 1
gE
for any Λ ∈ R.
It is worth noticing that the assumption of analyticity for the manifold is not
restrictive, provided that any paracompact Ck-manifold, 0 ≤ k ≤ ∞, acquires a
unique compatible not just smooth (C∞) but real analytic structure (there exists
a Ck-diffeomorphism with an analytic manifold). See [45], [24], [10].
Remark 1.2. It is obvious that if a manifold can be embedded into an Einstein
space as a hypersurface, repeated applications of Theorem 1.1 imply the weaker
condition to be embedable in any codimension greater than 1.
In [27] we extended further this result, so that to incorporate pathological
singularities in the complement of the Bulk E rM that are non-removable:
Theorem 1.3. (Embedding into Einstein manifold with unsmoothable
differential-topological singularities of zero measure)
Given a semi-Riemannian analytic manifold M, there exist:
(I) a topological space (EΣ , TEΣ)
(II) an analytic manifold (E ,AE), with dim(E) = dim(M) + d, d ≥ 1
(III) a countable set of points FΣ ⊆ EΣ, satisfying:
FΣ =
{
{fσ}, if d = 1
{fσ(1), f
σ
(2), ...}
∼= N, if d  1.
such that the following topological homeomorphism holds (under inclusion to a
subspace)
(EΣ r FΣ , TEΣ |EΣrFΣ)
∼=
−−−−−−−→
⊃
(E , TAE )
and E is an Einstein space of global isometric analytic embedding for M.
In addition, EΣ is not even a topological manifold and there does not exists any
smoothing resolution of the singularities FΣ ⊆ EΣ.
TAE denotes the (induced from the differential structure) topology of E .
Global Embedding of Analytic Branes in MD EΣ Einstein Bulk 6
The mathematical mechanism of topological identitification we used in the proof
of 1.3 in [27] to produce the pathological singularities on the Bulk raised the idea
that it is not really necessary these ”anomalies” to be points: there may exist
extended problematic domains of the complement EΣ rM. We simply identify
distinct homeomorphic domains on the ”fibres” F .
This more realistic case may correspond to extended object in the Universe
with positive (multi-dimensional) volume.
Theorem 1.4. (Embedding into Einstein manifold with unsmoothable
differential-topological singularities of positive (d− k)-measure)
Given a semi-Riemannian analytic manifold M, there exist:
(I) a topological space (EΣ , TEΣ)
(II) an analytic manifold (E ,AE), with dim(E) = dim(M) + d, d ≥ 1
(III) countable many closed path connected & simply connected sets FΣ ⊆ EΣ,
satisfying:
FΣ =
{
{fΣ} ∼= [0, 1], if d = 1
{fΣ(1), f
Σ
(2), ...}
∼= N× Bd−k(0, 1), if d  1.
(0 ≤ k ≤ d) such that the following topological homeomorphism holds (under
inclusion to a subspace)
(EΣ r FΣ , TEΣ |EΣrFΣ)
∼=
−−−−−−−→
⊃
(E , TAE )
and E is an Einstein space of global analytic isometric embedding for M.
In addition, EΣ is not a topological manifold.
In [28] we showed that there exists a supporting embedding result for the
multi-Brane models of Cosmology (see e.g. [42]), due to the following result.
The method in the proof is a slight modification of the 1-manifold embedding
of [26] to produce an E admitting finite many submanifolds.
Theorem 1.5. (Global Isometric Embedding of Branes into Einstein
manifolds in codimension 1)
Any nk-dimensional analytic semi-Riemannian manifolds (Mk;∇
Mk , gMk),
1 ≤ k ≤ m (Branes) have all a global analytic isometric embedding into an
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( m∑
k=1
nk + 1
)
-dimensional Einstein manifold (E ;∇E , gE) satisfying:
Ric∇
E
(gE) =
2Λ( m∑
k=1
nk
)
− 1
gE
as disjoint submanifolds for any Λ ∈ R.
In this paper we continue with the reasonable extension of the last theorem
concerning Brane embeddings incorporating singular spacetimes, in the sense in
was done in [27] in the case of a single manifold embedding.
2. Embedding of Branes into EΣ C∞α -Manifolds
admitting Singularities.
The singularities we produce on EΣ are by construction pathological and there
does not exist any resolution of them: they are obtained by certain topological
identitifications of distinct point and the obtain Bulk is not even a manifold,
unless the singularities are extracted.
In other words, there exists an Einstein Bulk E imbedded (in the sense of
analysis) into a topological space EΣ, where the complement EΣ r E has zero
measure.
Theorem 2.1. (Embedding into Einstein manifold with unsmoothable
differential-topological singularities of zero measure)
Given any analytic semi-Riemannian manifolds (Branes) M1, . . ., Mm there
exist:
(I) a topological space (EΣ , TEΣ)
(II) an analytic manifold (E ,AE), with dim(E) =
m∑
k=1
dim(Mk) + d, d ≥ 1
(III) a countable set of points FΣ ⊆ EΣ, satisfying:
FΣ =
{
{fσ}, if d = 1
{fσ(1), f
σ
(2), ...}
∼= N, if d  1.
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such that the following topological homeomorphism holds (under inclusion to a
subspace)
(EΣ r FΣ , TEΣ |EΣrFΣ)
∼=
−−−−−−−→
⊃
(E , TAE )
and E is an Einstein space of global isometric analytic embedding for M1,...,
Mm.
In addition, EΣ is not even a topological manifold and there does not exists any
smoothing resolution of the singularities FΣ ⊆ EΣ.
Proof. Let E˘ :=M1×. . .×Mm×F be the product of the given semi-Riemannian
Mk’s with an analytic manifold F , dim(F) ≥ 1 satisfying the property:
”deleting any countable many points FΣ from a d-dimensional and a single
point {fσ} from an 1-dimensional F , the respective complements F (d) r FΣ and
F (1) r {fσ} are connected.”(
If dim(F) = d = 1, we can choose F ∼= S1 and if dim(F) = d > 1, F ∼= R d.
)
Its easy to see from the definition of E˘ that we can rewrite it as the disjoint union
of manifolds
E˘ =
⊎
p ∈ M1×...×Mm
{p} × F
For convenience, set
n :=
m∑
k=1
nk ∈ N
where nk = dim(Mk), 1 ≤ k ≤ m. Then, dim(E) = (
m∑
k=1
nk) + d = n + d,
d ≥ 1.
Choose a countable set of points
FΣ := {fσ(1), f
σ
(2), ...}
∼= N
of F (if dim(F) > 1) or a single point {fσ} (if dim(F) = 1). We will prove
the general case for FΣ reducing obviously to the trivial case when d = 1.
The previous choice implies a choice of points for each {q} × F of E˘ :
{q} × FΣ = {q} × {fσ(m)}m∈ N = {(q, f
σ)(m)}m∈ N ≡ {f
σ
q (m)}m ∈ N
∼= N
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denoted as
FΣp := {f
σ
p (m)}m ∈ N ⊆ {p} × F , ∀ p ∈ M1 × . . .×Mm
Considering the (disjoint) union of all such points in E˘
⊎
p ∈ M1×...×Mm
FΣp
⊂
−−−−−−→ E˘ =
⊎
p ∈ M1×...×Mm
{p} × F
we may get a more subtle expression of them, as:
FΣ(m) := {f
σ
p (m)}p ∈ M1×...×Mm ⊆ E˘ = M1 × . . .×Mm × F , ∀ m ∈ N
Define now a topological space EΣ as the quotient space, produced identifying
for each m in N and ∀ p ∈ M1 × . . . ×Mm, all the distinct points F
Σ
(m) as one
fΣ(m):
EΣ := E˘ /
⊎
m∈ N
FΣ(m) =
⊎
p ∈ M1×...×Mm
{{p} × F} /
⊎
m∈ N
FΣ(m)
with the quotient topology, say TEΣ , induced by the topologies TAM1×...×Mm
and TAF .
In the case of 1-dimensional manifold F , this is exactly the wedge sum of the
manifolds {p} × F with respect to (the 1 term sequence) FΣ (each fσp is the
chosen base point of {p} × F):
EΣ ≡
∨
FΣ
{{p} × F} (2.1)
Back to the general case, E˘ = M1 × . . . ×Mm × F has a natural (product)
analytic manifold structure. Deleting all the (countable many) distinct points
{fσp (m)}, ∀ p ∈ M1 × . . .×Mm and ∀ m ∈ N, we obtain an analytic connected
manifold structure in the (open in the induced topology) complement:
If we set
E := E˘ r
⊎
m ∈ N
( ⊎
p ∈ M1×...×Mm
{fσp (m)}
)
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then
E = E˘ r
⊎
p ∈ M1×...×Mm
FΣp =
⊎
p ∈M1×...×Mm
{p} × {F r FΣp }
with the obvious C∞α -atlas
AE := AE˘ | E
Deleting the sequence of (identified) points {FΣ(m)}m∈N of E
Σ, we obtain the
differential-topological structure of an analytic manifold, EΣ r FΣ without any
singularities, since:
EΣ r
⊎
m∈ N
FΣ(m) = {E˘ /
⊎
m∈N
FΣ(m)}r
⊎
m∈ N
FΣ(m) =
⊎
p ∈ M1×...×Mm
{p} × {F r FΣp }
that is
EΣ r
⊎
m∈ N
FΣ(m) ≡ E
which proves the analytic structure on EΣ r
⊎
m∈ N
FΣ(m). Applying now the
embedding theorem 2.2 for this analytic manifold, we can make it an Einstein
global isometric embedding manifold of M1, . . ., Mm.
The remaining task is to show that EΣ is not a manifold. To see this, suppose
that taking the wedge sum of 2 distinct fibres ({p}×F)
∨
f0
({q}×F), there exists
a homeomorphism of a domain Vf0 of f0 to R
n+d. If this holds, then there must
exist a homeomorphism
φ : V r {f0}
∼=
−−−−−→ φ(V )r {φ(f0)} ⊆ R
n+d
choose an open ball Bn+d(0, r) of maximum radius living into φ(Vf0) and
containing φ(f0). Then, the following homeomorphism
Vf0
⋂
φ−1(Bn+d(0, r))r {f0}
∼=
−−−−−→ Bn+d(0, r)r {φ(f0)}
can not hold, since Bn+d(0, r) r {φ(f0)} has 1 connected component while
φ−1(Bn+d(0, r))r {f0} has 2 connected components.
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The mathematical mechanism of topological identitification we used to produce
the pathological singularities on the Bulk raises the idea that it is not really
necessary these ”anomalies” to be points: there may exist extended problematic
domains of the complement EΣr (M1 × . . .×Mm). We simply identify distinct
homeomorphic domains on the ”fibres” F .
This more realistic case may correspond to extended object in the Universe
with positive (multi-dimensional) volume.
Theorem 2.2. (Embedding into Einstein manifold with unsmoothable
differential-topological singularities of positive (d− k)-measure)
Given any finite-many analytic semi-Riemannian manifolds (Branes) M1,. . .,
Mm there exist:
(I) a topological space (EΣ , TEΣ)
(II) an analytic manifold (E ,AE), with dim(E) =
m∑
k=1
dim(Mk) + d, d ≥ 1
(III) countable many closed path connected & simply connected sets FΣ ⊆ EΣ,
satisfying:
FΣ =
{
{fΣ} ∼= [0, 1], if d = 1
{fΣ(1), f
Σ
(2), ...}
∼= N× Bd−k(0, 1), if d  1.
(0 ≤ k ≤ d) such that the following topological homeomorphism holds (under
inclusion to a subspace)
(EΣ r FΣ , TEΣ |EΣrFΣ)
∼=
−−−−−−−→
⊃
(E , TAE )
& E is an Einstein space of global isometric analytic embedding for M1,..., Mm.
In addition, EΣ is not a topological manifold.
Proof. The proof is a replica of the previous result. The only fact that needs to
be noted is that extracting from a closed (abstract) curve a closed (image of) an
interval, (e.g. a closed arc from S1) or a closed (image of a) (d− k)-ball from F
(choosing e.g. Rd) for dim(F) = d), we obtain open submanifolds in the analytic
subspace structure.
In addition, the unability of resolution of the singularities, owes to the fact
that choosing from each of the F ’s a (diffeomorphic image of a) closed ball,
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the quotient space when they are all identified is not a manifold, by the same
topological argument as in 2.1, extracting a closed inversed image of ball instead
of a point.
Countability of these ”extended anomalies” can be easily shown, since choos-
ing for the (diffeomorphic images of) balls, diam(Bd−k(0, r)) = 2 r < 2, we can
embed in Rd countable many balls, centered at the points of Nd. If k 6= 0, it
suffices to reduce embedding of balls to a d − k-dimensional linear subspace of
Rd.
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